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๏This course covers:

๏ Lecture 1: QCD at Fixed Order

๏ Lecture 2: Beyond Fixed Order — Showers and Merging

๏ Lecture 3: Beyond Perturbations — Hadronization and Underlying Event


๏It does not cover:

๏ Jet Physics → Lectures by A. Larkoski

๏ Resummation techniques other than showers 

๏ Simulation of BSM physics 

๏ Event Generator Tuning

๏ Monte Carlo (sampling) techniques

๏ Heavy Ions and Cosmic Rays 

๏ + many other (more specialised) topics such as: heavy quarks, hadron and τ decays, exotic hadrons, lattice 

QCD, loop amplitude calculations, spin/polarisation, non-global logs, subleading colour, factorisation caveats, PDF 
uncertainties, DIS, low-x, low-energy, higher twist, pomerons, rescattering, coalescence, neutrino beams, … 

QCD and Event Generators Monash U.P.  Skands

Supporting Lecture Notes (~80 pages): “Introduction to QCD”, arXiv:1207.2389


+ MCnet Review: “General-Purpose Event Generators”, Phys.Rept.504(2011)145 

Plenty more could be said about QCD. 


Focus here is on “users of QCD”

๏ i.e., fixed perturbative order in  : LO, NLO, … αs

http://arxiv.org/abs/arXiv:1207.2389
http://arxiv.org/abs/arXiv:1101.2599
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๏Quark fields
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Gluon Gauge Fields & Covariant Derivative


QCD lecture 1 (p. 5)

What is QCD Lagrangian + colour

Quarks — 3 colours: ψa =





ψ1
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



Quark part of Lagrangian:

Lq = ψ̄a(iγ
µ∂µδab − gsγ
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abA

C
µ − m)ψb

SU(3) local gauge symmetry ↔ 8 (= 32 − 1) generators t1
ab . . . t8

ab
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with the Gell-Mann Matrices (ta = ½λa)

⇒ Feynman rules

Figure 1.1: Feynman rules for QCD.
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a a ∈ [1,8]

i, j ∈ [1,3]

i j

SU(3) 

Local Gauge 
Symmetry

 ! U 
L invariant under

(Traceless and Hermitian)

: fundamental-rep SU(3) colour indices

: adjoint-rep SU(3) colour index


: Dirac spinor indices

i, j ∈ [1,3]
a ∈ [1,8]
α, β, . . . ∈ [1,4]

(Dμ)ij = δij∂μ − igsta
ij A

a
μ



Interactions in Colour Space
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๏A quark-gluon interaction

•(= one term in sum over colours)
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Fermion spinor indices ∈ [1,4]

Gluon Lorentz-vector index ∈ [0,3]

Gluon (adjoint) colour index ∈ [1,8]

Quark colour indices ∈ [1,3]

Amplitudes Squared summed over colours → traces over products of t matrices 

→ Colour Factors (see e.g. lecture notes & backup slides)
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Figure 2: Illustration of a qqg vertex in QCD, before summing/averaging over colours: a gluon
in a state represented by �1 interacts with quarks in the states  qR and  qG.

hermitean and traceless Gell-Mann matrices of SU(3),
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These generators are just the SU(3) analogs of the Pauli matrices in SU(2). By convention, the
constant of proportionality is normally taken to be

t
a
ij =

1

2
�

a
ij . (6)

This choice in turn determines the normalisation of the coupling gs, via equation (4), and
fixes the values of the SU(3) Casimirs and structure constants, to which we return below.

An example of the colour flow for a quark-gluon interaction in colour space is given in
figure 2. Normally, of course, we sum over all the colour indices, so this example merely gives
a pictorial representation of what one particular (non-zero) term in the colour sum looks like.

1.3 Colour Factors

Typically, we do not measure colour in the final state — instead we average over all possible
incoming colours and sum over all possible outgoing ones, wherefore QCD scattering ampli-
tudes (squared) in practice always contain sums over quark fields contracted with Gell-Mann
matrices. These contractions in turn produce traces which yield the colour factors that are as-
sociated to each QCD process, and which basically count the number of “paths through colour
space” that the process at hand can take6.

6The convention choice represented by equation (6) introduces a “spurious” factor of 2 for each power of the
coupling ↵s. Although one could in principle absorb that factor into a redefinition of the coupling, effectively
redefining the normalisation of “unit colour charge”, the standard definition of ↵s is now so entrenched that
alternative choices would be counter-productive, at least in the context of a pedagogical review.
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The colour of gluons
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๏Gluons are (colour) charged

•This is a signature of any non-Abelian gauge theory 

•Non-commuting generators; matrix-valued vertices

•Gluons represent (matrix) transformations in colour space, which “repaint” quarks 


๏One way of representing the octet is via

•Under SU(3) transformations, these states transform 
into each other, but never go “outside” the multiplet.


๏ (Like the  value of a particle with a certain spin 
changes under rotations, but its total spin does not.)


•Note in the standard rep, the GM matrices are cast as 
linear combinations of these e.g. 

Sz

λ1 = (RḠ + GR̄)
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6.4 The colour charges

The gauge symmetry of the strong interaction is SU(3). It is an exact symmetry

or, in other words, the colour charges are absolutely conserved. Since this group

is more complex than the U(1) group of QED, the colour charge structure is more

complex than that of the electric charge.

In both cases the charges are in a fundamental representation of the group. For

U(1) this is simply a singlet. Actually SU(3) has two fundamental representations,

3 and !3. Correspondingly, there are three different charges, called red, green and

blue (R, G, B). Each of them can have two values, say þ and –. The former are in

the 3, the latter in the !3. The quarks have colour charges þ , the antiquarks –. By

convention, instead of speaking of positive and negative colour, one speaks of

colour and anticolour; for example a negative red charge is called antired. We

shall use this convention but one can easily think of charges of both signs for

every colour, as the reader prefers. The strong force depends only on the colour, it

is independent of the flavour and the electric charge. However, the colour charge

cannot be measured. Consequently, the probability of finding a quark in one of

the colours is 1/3 in every instance.

The gluons belong to the octet that is obtained by ‘combining’ a colour and an

anticolour

3" !3 ¼ 8$ 1: ð6:44Þ

We see that the situation is similar to that which we met in the quark model. Indeed,

we are dealing with the same symmetry group, i.e. SU(3). We can then profit by the

analogy, but keeping inmind that it is only formal. In this analogy the colour triplet3
corresponds to the flavour quark triplet d, u, s and the anticolour antitriplet !3 to the

antiquark antitriplet. Note however that there is no analogue of the isospin.

Recalling Eqs. (4.46) the singlet is

g0 ¼
1ffiffiffi
3

p R!Rþ B!Bþ G!Gð Þ ð6:45Þ

which is completely symmetric. In the singlet the colour charges neutralise each

other. As a result it does not interact with the quarks. Consequently there is no

singlet gluon.

By analogy with the meson octet, the eight gluons are

g1 ¼ R!G g2 ¼ R!B g3 ¼ G!R g4 ¼ G!B g5 ¼ B!R g6 ¼ B!G

g7 ¼
1ffiffiffi
2

p R!R' G!Gð Þ g8 ¼
1ffiffiffi
6

p R!Rþ G!G' 2B!Bð Þ:
ð6:46Þ

6.4 The colour charges 213

(The two states in the middle correspond to “m=0” components)

(We say they generate the U(1)2 “Cartan subalgebra” of SU(3))
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6.4 The colour charges

The gauge symmetry of the strong interaction is SU(3). It is an exact symmetry

or, in other words, the colour charges are absolutely conserved. Since this group

is more complex than the U(1) group of QED, the colour charge structure is more

complex than that of the electric charge.

In both cases the charges are in a fundamental representation of the group. For

U(1) this is simply a singlet. Actually SU(3) has two fundamental representations,

3 and !3. Correspondingly, there are three different charges, called red, green and

blue (R, G, B). Each of them can have two values, say þ and –. The former are in

the 3, the latter in the !3. The quarks have colour charges þ , the antiquarks –. By

convention, instead of speaking of positive and negative colour, one speaks of

colour and anticolour; for example a negative red charge is called antired. We

shall use this convention but one can easily think of charges of both signs for

every colour, as the reader prefers. The strong force depends only on the colour, it

is independent of the flavour and the electric charge. However, the colour charge

cannot be measured. Consequently, the probability of finding a quark in one of

the colours is 1/3 in every instance.

The gluons belong to the octet that is obtained by ‘combining’ a colour and an

anticolour

3" !3 ¼ 8$ 1: ð6:44Þ

We see that the situation is similar to that which we met in the quark model. Indeed,

we are dealing with the same symmetry group, i.e. SU(3). We can then profit by the

analogy, but keeping inmind that it is only formal. In this analogy the colour triplet3
corresponds to the flavour quark triplet d, u, s and the anticolour antitriplet !3 to the

antiquark antitriplet. Note however that there is no analogue of the isospin.

Recalling Eqs. (4.46) the singlet is

g0 ¼
1ffiffiffi
3

p R!Rþ B!Bþ G!Gð Þ ð6:45Þ

which is completely symmetric. In the singlet the colour charges neutralise each

other. As a result it does not interact with the quarks. Consequently there is no

singlet gluon.

By analogy with the meson octet, the eight gluons are

g1 ¼ R!G g2 ¼ R!B g3 ¼ G!R g4 ¼ G!B g5 ¼ B!R g6 ¼ B!G

g7 ¼
1ffiffiffi
2

p R!R' G!Gð Þ g8 ¼
1ffiffiffi
6

p R!Rþ G!G' 2B!Bð Þ:
ð6:46Þ
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QCD and Event Generators Monash U.P.  Skands

P. Skands Introduction to QCD
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246 [(k3 � k2)⇢gµ⌫

+(k2 � k1)µg
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Figure 4: Illustration of a ggg vertex in QCD, before summing/averaging over colours: interac-
tion between gluons in the states �

2, �
4, and �

6 is represented by the structure constant f
246.

field strength tensor appearing in equation (3),

F
a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ| {z }

Abelian

+ gsf
abc

A
b
µA

c
⌫| {z }

non�Abelian

. (11)

The structure constants of SU(3) are listed
in the table to the right. They define
the adjoint, or vector, representation of
SU(3) and are related to the fundamental-
representation generators via the commu-
tator relations

t
a
t
b
� t

b
t
a = [ta, tb] = if

abc
tc , (12)

or equivalently,

if
abc = 2Tr{t

c[ta, tb]} . (13)

Thus, it is a matter of choice whether one
prefers to express colour space on a basis of
fundamental-representation t matrices, or
via the structure constants f , and one can
go back and forth between the two.

Structure Constants of SU(3)

f123 = 1 (14)

f147 = f246 = f257 = f345 =
1

2
(15)

f156 = f367 = �
1

2
(16)

f458 = f678 =

p
3

2
(17)

Antisymmetric in all indices

All other fabc = 0

Expanding the Fµ⌫F
µ⌫ term of the Lagrangian using equation (11), we see that there is a

3-gluon and a 4-gluon vertex that involve f
abc, the latter of which has two powers of f and

two powers of the coupling.
Finally, the last line of Table 1 is not really a trace relation but instead a useful so-called

Fierz transformation, which expresses products of t matrices in terms of Kronecker � functions.
It is often used, for instance, in shower Monte Carlo applications, to assist in mapping between
colour flows in NC = 3, in which cross sections and splitting probabilities are calculated, and
those in NC ! 1 (“leading colour”), used to represent colour flow in the MC “event record”.

A gluon self-interaction vertex is illustrated in figure 4, to be compared with the quark-
gluon one in figure 2. We remind the reader that gauge boson self-interactions are a hallmark
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field strength tensor appearing in equation (3),

F
a
µ⌫ = @µA
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⌫ � @⌫A

a
µ| {z }

Abelian

+ gsf
abc

A
b
µA

c
⌫| {z }

non�Abelian

. (11)

The structure constants of SU(3) are listed
in the table to the right. They define
the adjoint, or vector, representation of
SU(3) and are related to the fundamental-
representation generators via the commu-
tator relations

t
a
t
b
� t

b
t
a = [ta, tb] = if

abc
tc , (12)

or equivalently,

if
abc = 2Tr{t

c[ta, tb]} . (13)

Thus, it is a matter of choice whether one
prefers to express colour space on a basis of
fundamental-representation t matrices, or
via the structure constants f , and one can
go back and forth between the two.

Structure Constants of SU(3)

f123 = 1 (14)

f147 = f246 = f257 = f345 =
1

2
(15)

f156 = f367 = �
1

2
(16)

f458 = f678 =

p
3

2
(17)

Antisymmetric in all indices

All other fabc = 0

Expanding the Fµ⌫F
µ⌫ term of the Lagrangian using equation (11), we see that there is a

3-gluon and a 4-gluon vertex that involve f
abc, the latter of which has two powers of f and

two powers of the coupling.
Finally, the last line of Table 1 is not really a trace relation but instead a useful so-called

Fierz transformation, which expresses products of t matrices in terms of Kronecker � functions.
It is often used, for instance, in shower Monte Carlo applications, to assist in mapping between
colour flows in NC = 3, in which cross sections and splitting probabilities are calculated, and
those in NC ! 1 (“leading colour”), used to represent colour flow in the MC “event record”.
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Note on Colour Vertices in Event Generators

8

๏MC generators use a simple set of rules for “colour flow” 

•Based on “Leading Colour” (LC)                                 

QCD and Event Generators Monash U.P.  Skands

Illustrations from PDG Review on MC Event Generators

q ! qg

Figure 1.1: Color development of a shower in e+e� annihilation. Systems of color-connected
partons are indicated by the dashed lines.

1.1.5 Color information

Shower MC generators track large-Nc color information during the development of the
shower. In the large-Nc limit, a quark is represented by a color line, i.e. a line with an
arrow in the direction of the shower development, an antiquark by an anticolor line, with
the arrow in the opposite direction, and a gluon by a pair of color-anticolor lines. The rules
for color propagation are:

. (1.9)

At the end of the shower development, partons are connected by color lines. We can have
a quark directly connected by a color line to an antiquark, or via an arbitrary number of
intermediate gluons, as shown in fig 1.1. It is also possible for a set of gluons to be connected
cyclically in color, as e.g. in the decay �� ggg.

The color information is used in angular-ordered showers, where the angle of color-
connected partons determines the initial angle for the shower development, and in dipole
showers, where dipoles are always color-connected partons. It is also used in hadronization
models, where the initial strings or clusters used for hadronization are formed by systems of
color-connected partons.

1.1.6 Electromagnetic corrections

The physics of photon emission from light charged particles can also be treated with a shower
MC algorithm. A high-energy electron, for example, is accompanied by bremsstrahlung
photons, which considerably a⇥ect its dynamics. Also here, similarly to the QCD case,
electromagnetic corrections are of order �em ln Q/me, or even of order �em ln Q/me ln E�/E
in the region where soft photon emission is important, so that their inclusion in the simulation
process is mandatory. This can be done with a Monte Carlo algorithm. In case of photons
emitted by leptons, at variance with the QCD case, the shower can be continued down
to values of the lepton virtuality that are arbitrarily close to its mass shell. In practice,
photon radiation must be cut o⇥ below a certain energy, in order for the shower algorithm to
terminate. Therefore, there is always a minimum energy for emitted photons that depends
upon the implementations (and so does the MC truth for a charged lepton). In the case of
electrons, this energy is typically of the order of its mass. Electromagnetic radiation below
this scale is not enhanced by collinear singularities, and is thus bound to be soft, so that the
electron momentum is not a⇥ected by it.
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g ! gg

LC also used to assign Les Houches colour flows† in hard processes: Pi =
|Mi |

2

∑j∈LC |Mj |
2

8 = 3⌦ 3  1
•LC: gluons = outer products of colour and anticolour.

•➾ valid to ~  ~ 10%   (exact in limit ). 1/N2

C NC → ∞

i.e., high-energy

•MCs:  limit formalised by letting each 
“colour line” be represented by a unique Les 
Houches colour tag† (no interference 
between different colour lines in this limit)

NC → ∞

†: hep-ph/0109068; hep-ph/0609017 



Can we calculate LHC processes now?

9

๏What are we really colliding?

•Take a look at the quantum level


๏

QCD and Event Generators Monash U.P.  Skands

u u

d

๏Hadrons are composite, with 
time-dependent structure

Parton Distribution Functions

Hadrons are composite, with time-dependent structure:

u
d
g
u

p

fi(x, Q2) = number density of partons i
at momentum fraction x and probing scale Q2.

Linguistics (example):
F2(x, Q2) =

∑

i

e2i xfi(x, Q2)

structure function parton distributions

z}|{ <latexit sha1_base64="5908dNHyEDP1woOqzatAGLOe9XI=">AAACKXiclVBNSwMxEM36WevXqkcvwSJ4KrtV0GPRi8cK9gPapWTT2TY0myxJVihL/Tle/CteFBT16h8xbfegrRcfDDzem2FmXphwpo3nfThLyyura+uFjeLm1vbOrru339AyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMcXk385h0ozaS4NaMEgpj0BYsYJcZKXbeKO9L6oSIUsvv/YpyNu27JK3tT4EXi56SEctS67kunJ2kagzCUE63bvpeYICPKMMphXOykGhJCh6QPbUsFiUEH2fTTMT62Sg9HUtkSBk/VnxMZibUexaHtjIkZ6HlvIv7ltVMTXQQZE0lqQNDZoijl2Eg8iQ33mAJq+MgSQhWzt2I6IDY1Y8Mt2hD8+ZcXSaNS9k/LlZuzUvUyj6OADtEROkE+OkdVdI1qqI4oekBP6BW9OY/Os/PufM5al5x85gD9gvP1DUwHrXI=</latexit>

Describe this mess statistically ➜ parton distribution functions (PDFs)

PDFs:  fi(x,QF2)      i ∈ [g,u,d,s,c,(b),(t),(γ)]

Probability to find parton of flavour i with momentum fraction x, 

as function of “resolution scale” QF ~ virtuality / inverse lifetime of fluctuation

(illustration by T. Sjöstrand)



Why PDFs work 1: heuristic explanation

10

๏Lifetime of typical fluctuation ~ rp/c (=time it takes light to cross a proton)

•~ 10-23 s; Corresponds to a frequency of ~ 500 billion THz


๏To the LHC, that’s slow! (reaches “shutter speeds” thousands of times faster)

•Planck-Einstein: E=hν ➜ νLHC = 13 TeV/h = 3.14 million billion THz


๏➜ Protons look “frozen” at moment of collision

•But they have a lot more than just two “u” quarks and a “d” inside


๏Difficult/impossible to calculate, so use statistics to parametrise the structure: parton 
distribution functions (PDFs)


•Every so often I will pick a gluon, every so often a quark (antiquark)

•Measured at previous colliders (+ increasingly also at LHC)

•Expressed as functions of energy fractions, x, and resolution scale, Q2

•+ obey known scaling laws df / dQ2 : “DGLAP equations”.

QCD and Event Generators Monash U.P.  Skands



Why PDFs work 2: Deep Inelastic Scattering

11

๏“Inelastic” = proton breaks up

•

QCD and Event Generators Monash U.P.  Skands

Incoming relativistic 
electron (or positron)

Scattered electron

Hard (i.e. high-energy) photon

q2 = (k - k’)2 < 0 (spacelike)

 often use Q2  -q2 > 0 instead⟹ ≡

Lep
to

nic 
p

art ~
 clean

H
ad

ro
nic 

p
art : m

essy

“Deep’’ = invariant mass of 
final hadronic system ≫ Mproton



Why PDFs work 2: factorisation in DIS

12

๏Collins, Soper (1987): Factorisation in Deep Inelastic Scattering 

•

QCD and Event Generators Monash U.P.  Skands

�Q2

Lepton
Scattered


Lepton

Scattered

Quark

Deep Inelastic 
Scattering (DIS)


Sum over

Initial (i)


and final (f)

parton flavors

= Final-state 

phase space

�f Differential partonic

Hard-scattering


Matrix Element(s)

�`h =
X

i

X

f

Z
dxi

Z
d�f fi/h(xi, Q

2
F )

d�̂`i!f (xi,�f , Q2
F )

dxi d�f

→ The cross section can be written in factorised form :

= PDFs

Assumption:


Q2 = QF2

fi/h

fi/h

�̂
xi

f

We assume* that 
an analogous 

factorisation works 
for pp


*caveats are beyond the 
scope of this course

“hard” scale ~ Q2



Factorisation  we can still calculate!⟹

13QCD and Event Generators Monash U.P.  Skands

Factorization

d⇤

dX
=

⇥

a,b

⇥

f

�

X̂f

fa(xa, Q
2
i )fb(xb, Q

2
i )

d⇤̂ab�f(xa, xb, f, Q2
i , Q

2
f)

dX̂f

D(X̂f � X, Q2
i , Q

2
f)

20

PDFs: needed to compute 
inclusive cross sections

FFs: needed to compute 
(semi-)exclusive cross sections

PDFs: connect incoming hadrons with the high-scale process

Fragmentation Functions: connect high-scale process with final-state hadrons

Both combine non-perturbative input + all-orders (perturbative) bremsstrahlung resummations 

In MCs  initial-state radiation 
+ non-perturbative hadron 
(beam-remnant) structure


+ multi-parton interactions

→

Hard Process

Fixed-Order QFT

Matching 
& Merging

๏We’re colliding, and observing, hadrons, but can still do pQCD 


In MCs: resonance decays + 
final-state radiation + 

hadronisation + hadron decays 
(+ final-state interactions?)

pQCD = perturbative QCD



1-Loop β function 

coefficient:

Asymptotic Freedom
P. Skands Introduction to QCD
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Figure 5: Illustration of the running of ↵s at 1- (open circles) and 2-loop order (filled circles),
starting from the same value of ↵s(MZ) = 0.12.

whereby the specific single-scale choice µ
n = µ1µ2 · · · µn (the geometric mean) can be seen to

push the difference between the two sides of the equation one order higher than would be the
case for any other combination of scales10.

The appearance of the number of flavours, nf , in b0 implies that the slope of the running
depends on the number of contributing flavours. Since full QCD is best approximated by
nf = 3 below the charm threshold, by nf = 4 and 5 from there to the b and t thresholds,
respectively, and then by nf = 6 at scales higher than mt, it is therefore important to be aware
that the running changes slope across quark flavour thresholds. Likewise, it would change
across the threshold for any coloured new-physics particles that might exist, with a magnitude
depending on the particles’ colour and spin quantum numbers.

The negative overall sign of equation (19), combined with the fact that b0 > 0 (for nf 

16), leads to the famous result11 that the QCD coupling effectively decreases with energy,
called asymptotic freedom, for the discovery of which the Nobel prize in physics was awarded
to D. Gross, H. Politzer, and F. Wilczek in 2004. An extract of the prize announcement runs as
follows:

10In a fixed-order calculation, the individual scales µi, would correspond, e.g., to the n hardest scales appearing
in an infrared safe sequential clustering algorithm applied to the given momentum configuration.

11 Perhaps the highest pinnacle of fame for equation (19) was reached when the sign of it featured in an episode
of the TV series “Big Bang Theory”.
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Figure 6: Illustration of the running of ↵s in a theoretical calculation (band) and in physical
processes at different characteristic scales, from [29, 32]. The little kinks at Q = mc and
Q = mb are caused by discontinuities in the running across the flavour thresholds.

calculations used to extract them. As a rule of thumb, fits to experimental data typically
yield smaller values for ↵s(MZ) the higher the order of the calculation used to extract it (see,
e.g., [29, 32, 34, 35]), with ↵s(MZ)|LO ⇠

> ↵s(MZ)|NLO ⇠
> ↵s(MZ)|NNLO. Further, since the

number of flavours changes the slope of the running, the location of the Landau pole for
fixed ↵s(MZ) depends explicitly on the number of flavours used in the running. Thus each
value of nf is associated with its own value of ⇤, with the following matching relations across
thresholds guaranteeing continuity of the coupling at one loop,

nf = 5 $ 6 : ⇤6 = ⇤5

✓
⇤5

mt

◆ 2
21

⇤5 = ⇤6

✓
mt

⇤6

◆ 2
23

, (26)

nf = 4 $ 5 : ⇤5 = ⇤4

✓
⇤4

mb

◆ 2
23

⇤4 = ⇤5

✓
mb

⇤5

◆ 2
25

, (27)

nf = 3 $ 4 : ⇤4 = ⇤3

✓
⇤3

mc

◆ 2
25

⇤3 = ⇤4

✓
mc

⇤4

◆ 2
27

. (28)

It is sometimes stated that QCD only has a single free parameter, the strong coupling.
However, even in the perturbative region, the beta function depends explicitly on the number
of quark flavours, as we have seen, and thereby also on the quark masses. Furthermore, in
the non-perturbative region around or below ⇤QCD, the value of the perturbative coupling, as
obtained, e.g., from equation (24), gives little or no insight into the behavior of the full theory.
Instead, universal functions (such as parton densities, form factors, fragmentation functions,
etc), effective theories (such as the Operator Product Expansion, Chiral Perturbation Theory,

— 14 —

The Strong Coupling

14

๏Bjorken scaling:

•If the strong coupling did not “run”, 
QCD would be SCALE INVARIANT (a.k.a. 
conformal, e.g., N=4 Supersymmetric QCD)


๏ Jets inside jets inside jets … 

๏ Loops inside loops inside loops …

๏  

๏ Since αs only runs slowly 

(logarithmically)  can still gain all-
orders insight from scale-invariant 
properties ➜ fractal analogy for  

 (→ lecture 2 on showers)

⟹

Q ≫ 1 GeV

QCD and Event Generators Monash U.P.  Skands

Note: I use the terms “conformal” and “scale invariant” interchangeably

Strictly speaking, conformal (angle-preserving) symmetry is more restrictive than just scale invariance

1-Loop
2-Loop

Full

Large values, 
fast running at 

low scales

Q2 @↵s

@Q2
= �(↵s)

�(↵s) = �↵2
s(b0 + b1↵s + b2↵

2
s + . . .) ,

b0 =
11CA � 2nf

12⇡

↵s(mZ) ⇠ 0.118

mc

mb

Landau Pole at 
ΛQCD~200 MeV > 0

for nf  16



๏The strong coupling is the main parameter of perturbative QCD calculations. It controls:


The size of QCD cross sections (& QCD partial widths for decays).


The overall amount of QCD radiation (extra jets + recoil effects + jet substructure).


Sizeable QCD “K Factors” to essentially all processes at LHC, and ditto uncertainties.


๏Would like to have reliable (i.e., foolproof & exhaustive) way to estimate QCD uncertainties

•In the absence of such a method, variations of the renormalisation-scale argument in  are widely used 
to estimate perturbative uncertainties; why?


•→ Generates terms one order higher, proportional to what you already have (|M|2)

๏ The (would-be) all-orders answer must be independent of our choice  uncalculated terms must at least contain 

same terms with opposite signs, to compensate


•  a first naive way to estimate (lower bound on) uncertainty (more than beta function in rest of series).

αs

⟹

⟹

The Strong Coupling
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Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

b0 =
11NC − 2nf

12π

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

↵s(Q
2
1)� ↵s(Q

2
2) = ↵2

s b0 ln(Q
2
2/Q

2
1) + O(↵3

s)

⟹
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Warning: Multi-Scale Problems
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Example: pp → W + 3 jets
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If you have multiple QCD scales

Variation of single central μR by simple factor 2 in 
each direction not exhaustive!


Also consider functional dependence on each 
scale in the problem   (+ N(n)LO → some compensation)
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๏Now want to compute the distribution of some observable: O

•In “inclusive X production” (suppressing PDF factors)

QCD and Event Generators Monash U.P.  Skands

Truncate at                     ,

→ Born Level = First Term


Lowest order at which X happens

k = 0, ` = 0

Phase Space

Cross Section 
differentially in O

Matrix Elements

for X+k at (𝓁) loops

Sum over identical

amplitudes, then square

Evaluate observable 
→ differential in O

Momentum

configuration
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ME
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�
O �O({p}X+k)

�Fixed Order

(All Orders)

Sum over 
“anything” ≈ legs

X + anything
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๏Another representation
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P. Skands Introduction to QCD
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Figure 12: Coefficients of the perturbative series covered by LO calculations. Left: F pro-
duction at lowest order. Right: F + 2 jets at LO, with the half-shaded box illustrating the
restriction to the region of phase space with exactly 2 resolved jets. The total power of ↵s for
each coefficient is n = k + `. (Photo of Max Born from nobelprize.org).

The essence of the point is that, if the regularization scale is taken too low, logarithmic
enhancements of the type

↵
n
s lnm2n

✓
Q

2

F

Q
2

k

◆
(45)

will generate progressively larger corrections, order by order, which will spoil any fixed-order
truncation of the perturbative series. Here, QF is the hard scale associated with the process
under consideration, while Qk is the scale associated with an additional parton, k.

A good rule of thumb is that if �k+1 ⇡ �k (at whatever order you are calculating), then the
perturbative series is converging too slowly for a fixed-order truncation of it to be reliable. For
fixed-order perturbation theory to be applicable, you must place your cuts on the hard process
such that �k+1 ⌧ �k. In the discussion of parton showers in Section 3.2, we shall see how the
region of applicability of perturbation theory can be extended.

The virtual amplitudes, for ` � 1, are divergent for any point in phase space. However,
as encapsulated by the famous KLN theorem [51, 52], unitarity (which essentially expresses
probability conservation) puts a powerful constraint on the IR divergences16, forcing them to
cancel exactly against those coming from the unresolved real emissions that we had to cut out
above, order by order, making the complete answer for fixed k + ` = n finite17 Nonetheless,
since this cancellation happens between contributions that formally live in different phase
spaces, a main aspect of loop-level higher-order calculations is how to arrange for this cancel-
lation in practice, either analytically or numerically, with many different methods currently on
the market. We shall discuss the idea behind subtraction approaches in section 2.4.

A convenient way of illustrating the terms of the perturbative series that a given matrix-
element-based calculation includes is given in figure 12. In the left-hand pane, the shaded
box corresponds to the lowest-order “Born-level” matrix element squared. This coefficient
is non-singular and hence can be integrated over all of phase space, which we illustrate by
letting the shaded area fill all of the relevant box. A different kind of leading-order calculation

16The loop integrals also exhibit UV divergences, but these are dealt with by renormalization.
17Formally, the KLN theorem states that the sum over degenerate quantum states is finite. In context of fixed-

order perturbation theory, this is exemplified by states with infinitely collinear and/or soft radiation being degen-
erate with the corresponding states with loop corrections.
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Born

(1882-1970)

Nobel Prize 1954

k = 0, ` = 0
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๏Another representation
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Note: (X+1)-jet observables will of course only be correct to LO

P. Skands Introduction to QCD
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Figure 13: Coefficients of the perturbative series covered by NLO calculations. Left: F produc-
tion at NLO. Right: F + 1 jet at NLO, with half-shaded boxes illustrating the restriction to the
region of phase space with exactly 1 resolved jet. The total power of ↵s for each coefficient is
n = k + `.

is illustrated in the right-hand pane of figure 12, where the shaded box corresponds to the
lowest-order matrix element squared for F + 2 jets. This coefficient diverges in the part of
phase space where one or both of the jets are unresolved (i.e., soft or collinear), and hence
integrations can only cover the hard part of phase space, which we reflect by only shading the
upper half of the relevant box.

Figure 13 illustrates the inclusion of NLO virtual corrections. To prevent confusion, first a
point on notation: by �

(1)

0
, we intend

�
(1)

0
=

Z
d�0 2Re[M(1)

0
M

(0)⇤
0

] , (46)

which is of order ↵s relative to the Born level. Compare, e.g., with the expansion of equa-
tion (44) to order k + ` = 1. In particular, �

(1)

0
should not be confused with the integral over

the 1-loop matrix element squared (which would be of relative order ↵
2
s and hence forms part

of the NNLO coefficient �
(2)

0
). Returning to figure 13, the unitary cancellations between real

and virtual singularities imply that we can now extend the integration of the real correction in
the left-hand pane over all of phase space, while retaining a finite total cross section,

�
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(0)

0
|
2 +

Z
d�1 |M

(0)

1
|
2 +

Z
d�0 2Re[M(1)

0
M

(0)⇤
0

]

= �
(0)

0
+ �

(0)

1
+ �

(1)

0
,

(47)

with �
(0)

0
the finite Born-level cross section, and the positive divergence caused by integrating

the second term over all of phase space is canceled by a negative one coming from the inte-
gration over loop momenta in the third term. One method for arranging the cancellation of
singularities — subtraction — is discussed in section 2.4.

However, if our starting point for the NLO calculation is a process which already has a
non-zero number of hard jets, we must continue to impose that at least that number of jets
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X @ NLO

(includes X+1 @ LO)
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Cross sections at NLO: a closer look
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๏NLO:


๏In IR limits, the X+1 final state is indistinguishable from the X+0 one* 

๏Sum over ‘degenerate quantum states’ (KLN Theorem) ➜ Singularities cancel when we 
include both (complete order):

QCD and Event Generators Monash U.P.  Skands

(note: not the 1-loop diagram squared)

LO, NLO, etc
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Z decay:
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q q

q

∑

colours
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X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

IR singularities

(from poles of propagators going on shell)

*for so-called IRC safe 
observables; more later
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๏How do I get finite{Real} and finite{Virtual} ?

•First step: classify IR singularities using universal functions


๏EXAMPLE: factorization of amplitudes in the soft limit 
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Figure 3: Illustration of NLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m + 1)-particle phase space. The term in square brackets repre-
sents both the antenna function X0

ijk and the antenna phase space dΦXijk
.

+
∑

j

Dkj,i |Mm((p1, . . . , p̃i, p̃kj , . . . , pm+1)|2 J (m)
m (p1, . . . , p̃i, p̃kj , . . . , pm+1)

]

.

(2.7)

In the first term, the dipole contribution involves the m-parton amplitude which only

depends on the redefined on-shell momenta p1, . . . , p̃ij , p̃k, . . . , pm+1 and the dipole function

Dij,k which depends on pi, pj , pk. The momenta pi, pj and pk are respectively the emitter,

unresolved parton and the spectator momenta corresponding to a single dipole term. In

the second term, the role of emitter and spectator are exchanged. The redefined on-

shell momenta p̃ij, p̃k (p̃kj , p̃i) are different linear combinations of pi, pj and pl for each

dipole. In the antenna approach, the momentum mapping would be the same for each

dipole contribution and the two terms combine to form the tree antenna, X0
ijk. The two

dipoles combining to an antenna have a common unresolved parton, and contain the two

possible emitter/spectator combinations. In the antenna language, emitter and spectator

act as radiators. Note that we can always choose to divide the antenna and use different

momentum maps for the two parts.

The jet function J (m)
m in (2.6) does not depend on the individual momenta pi, pj and

pk, but only on p̃I , p̃K . One can therefore carry out the integration over the unresolved

dipole phase space appropriate to pi, pj and pk analytically, exploiting the factorisation of

the phase space,

dΦm+1(p1, . . . , pm+1; q) = dΦm(p1, . . . , p̃I , p̃K , . . . , pm+1; q) · dΦXijk
(pi, pj , pk; p̃I + p̃K) .

(2.8)

The NLO antenna phase space dΦXijk
is proportional to the three-particle phase space,

as can be seen by using m = 2 in the above formula and exploiting the fact that the

two-particle phase space is a constant,

P2 =

∫
dΦ2 = 2−3+2επ−1+ε Γ(1 − ε)

Γ(2 − 2ε)

(
q2
)−ε

, (2.9)

such that

dΦ3 = P2 dΦXijk
. (2.10)
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Figure 2: Illustration of the dampening of the collinear singularity for Z ! QgQ̄: squared matrix elements with
(thick) and without (thin) mass corrections, normalized to the massless case, as a function of the opening angle
between the quark and the gluon, for constant Eg = 10GeV and mQ = 4.8GeV.

framework presented in [13, 14] (and in the dipole formalism [30] that predates it), the main building
blocks, massive antenna (dipole) functions and phase-space factorizations, are therefore constructed
so as to reproduce exactly the quasi-collinear and soft behaviours of real radiation matrix-elements in
the corresponding limits. For cross sections which are well-behaved in the massless limit, the explicit
cancellations of the ln(Q2

/m
2)-terms also ensure numerical stability in the limit m ! 0.

For some observables which are not infrared safe in their massless limit, such as ones sensitive to
the details of the fragmentation process for example, the cancellation of the mass-dependent logarithms
is incomplete. Terms of the form ↵

n
S lnn(Q2

/m
2) appear in every order of the expansion. In the case

of a large hierarchy m ⌧ Q, these terms jeopardize the convergence of the perturbative series. It is
necessary to resum them to all orders to obtain a meaningful result, as is done, for example, for the b-
quark fragmentation process in [33], to which we compare the massive VINCIA dipole-antenna shower
in section 5. However, in order to construct this shower, we must first consider the soft and quasi-
collinear limits more carefully and define how the massless splitting functions and soft Eikonal factors
are generalized in the presence of massive particles.

The infrared singularity properties of tree-level colour-ordered matrix elements involving only mass-
less partons have been well studied in [31]. In the limit where a gluon j is soft with respect to its
neighbouring partons i and k, the colour-ordered matrix-elements squared |Mn+1|

2 for (n+1) partons
factorizes into a universal soft Eikonal factor Sijk and a colour-ordered tree-level squared amplitude
where gluon j has been removed. For the squared amplitudes we have,

|Mn+1(1, · · · , i, j, k, · · · , n+ 1)|2
jg!0
���! g

2
sCijk Sijk |Mn(1, · · · , i, k, · · · , n+ 1)|2 (28)

where g
2
s = 4⇡↵s is the strong coupling, Cijk is a colour factor that tends to NC in the leading-colour

limit, and the massless Eikonal factor is given by

Sijk =
2sik
sijsjk

. (29)

Similarly when two neighbouring gluons or a quark and a gluon become collinear the colour-ordered
matrix elements factorize. Depending on the nature of the partons involved different collinear factors

9

are obtained. Partons which are not colour-connected do not lead to singular behaviours of the colour
ordered matrix-elements squared, hence the soft or collinear factors only involve the neighbouring par-
ticles to which the unresolved particle is colour-connected.

In the massive case, essentially the same factorization properties still hold, provided the collinear
limit is generalized to the quasi-collinear limit (see below). For the emission of a soft gluon from
massive radiators, the factorization of the matrix element into a soft Eikonal factor times a reduced
matrix element with the soft gluon omitted works in the same way as for massless partons. The soft
Eikonal factor given in equation (29) needs however to be generalized. Written in terms of the parent
parton masses mI and mK and the invariants between the daughter partons i, j and k, the massive soft
Eikonal factor reads

Sijk(mI ,mK) =
2sik
sijsjk

�
2m2

I

s
2
ij

�
2m2

K

s
2
jk

(30)

which has two new mass-dependent terms compared to the massless Eikonal factor defined above.
The quasi-collinear limit of a massive parton with momentum p

µ decaying into two massive partons
j and k is given by,

p
µ
j ! z p

µ
, p

µ
k ! (1 � z) pµ, (31)

p
2 = m

2
(jk). (32)

with the constraints,
pj · pk,mj ,mk,mjk ! 0 (33)

at fixed ratios,
m

2
j

pj · pk
,

m
2
k

pj · pk
,

m
2
jk

pj · pk
. (34)

The key difference between the massless collinear limit and the quasi-collinear limit is given by
the constraint that the on-shell masses squared have to be kept of the same order as the invariant mass
(pj + pk)2, with the latter becoming small. In these corresponding quasi-collinear limits, the colour-
ordered (m + 1)-parton matrix element squared factorizes into a reduced m-parton matrix element
squared multiplied by quasi-collinear splitting functions, the latter are generalizations of the Altarelli-
Parisi splitting functions [34] from which they differ by mass-dependent terms. In four dimensions, they
read

Pqg!Q(z,mq, sqg) =
1 + (1 � z)2

z
�

2m2
q

sqg
,

Pqq̄!G(z,mq, sqq̄) = z
2 + (1 � z)2 �

2m2
q

sqq̄ + 2m2
q
.

(35)

We now turn to a description of the full massive dipole-antenna functions as implemented in VINCIA.

2.5 Massive dipole-antenna functions

In general, the full forms of the dipole-antenna functions are obtained by normalizing a three-parton
tree-level matrix-element squared to a corresponding two-parton squared matrix element, stripped of all

10

Universal

“Soft Eikonal” 

sij ⌘ 2pi · pj

More about this function on next slide & in the next lecture
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๏Add and subtract IR limits (SOFT and COLLINEAR)


๏Choice of subtraction terms:

•Singularities mandated by gauge theory

•Non-singular terms: up to you (added and subtracted, so vanish)

QCD and Event Generators Monash U.P.  Skands

yield configurations where a certain number of essentially non-interacting particles are

emitted between a pair of hard radiators. By carrying out the colour algebra, it becomes

evident that non-ordered gluon emission inside a colour-ordered system is equivalent to

photon emission off the outside legs of the system [18,42]. For simplicity, these subleading

colour contributions are also denoted as squared matrix elements |Mm|2, although they

often correspond purely to interference terms between different amplitudes.

The precise definition depends on the number and types of particles involved in the

process. However, all colour orderings are summed over in
∑

m with the appropriate colour

weighting. The jet function J (n)
m defines the procedure for building m jets out of n partons.

The main property of J (n)
m is that the jet observable defined above is collinear and infrared

safe as explained in [39, 40]. In general J (n)
m contains θ and δ-functions. J (n)

m can also

represent the definition of the n-parton contribution to an event shape observable related

to m-jet final states.

From (2.1), one obtains the leading order approximation to the m-jet cross section by

integration over the appropriate phase space.

dσLO =

∫

dΦm

dσB . (2.3)

Depending on the jet function used, this cross section can still be differential in certain

kinematical quantities.

2.1 NLO infrared subtraction terms

At NLO, we consider the following m-jet cross section,

dσNLO =

∫

dΦm+1

(
dσR

NLO − dσS
NLO

)
+

[∫

dΦm+1

dσS
NLO +

∫

dΦm

dσV
NLO

]

. (2.4)

The cross section dσR
NLO has the same expression as the Born cross section dσB

NLO (2.1)

above except that m → m + 1, while dσV
NLO is the one-loop virtual correction to the m-

parton Born cross section dσB . The cross section dσS
NLO is a (preferably local) counter-term

for dσR
NLO. It has the same unintegrated singular behaviour as dσR

NLO in all appropriate

limits. Their difference is free of divergences and can be integrated over the (m+1)-parton

phase space numerically. The subtraction term dσS
NLO has to be integrated analytically

over all singular regions of the (m + 1)-parton phase space. The resulting cross section

added to the virtual contribution yields an infrared finite result.

A systematic procedure for finding NLO infrared subtraction terms is the antenna

formalism introduced in [10, 41]. The antenna subtraction terms are obtained as sum of

antennae:

dσS
NLO = N

∑

m+1

dΦm+1(p1, . . . , pm+1; q)
1

Sm+1

×
∑

j

X0
ijk |Mm(p1, . . . , p̃I , p̃K , . . . , pm+1)|2 J (m)

m (p1, . . . , p̃I , p̃K , . . . , pm+1) , (2.5)

– 6 –

Finite by Universality Finite by KLN

Dipoles (Catani-Seymour)

Global Antennae 
(Gehrmann, Gehrmann-de 
Ridder, Glover)


Sector Antennae 
(Kosower)


… 

|M(H0 ! qigj q̄k)|2

|M(H0 ! qI q̄K)|2 = g
2
s 2CF


2sik
sijsjk

+
1

sIK

✓
sij

sjk
+

sjk

sij
+ 2

◆�

|M(Z0 ! qigj q̄k)|2

|M(Z0 ! qI q̄K)|2 = g2s 2CF


2sik
sijsjk

+
1

sIK

✓
sij
sjk

+
sjk
sij
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QCD lecture 4 (p. 29)

Jets

Cones
Consequences of collinear unsafety

jet 2
jet 1jet 1jet 1 jet 1

αs x (+ )∞nαs x (− )∞n αs x (+ )∞nαs x (− )∞n

Collinear Safe Collinear Unsafe

Infinities cancel Infinities do not cancel

Invalidates perturbation theory

Invalidates perturbation theory(KLN: ‘degenerate states’)

Virtual and Real go into different bins!Virtual and Real go into same bins!

(example by G. Salam)

Not all observables can be computed perturbatively:



Perturbatively Calculable ⟺ “Infrared and Collinear Safe”

24

๏Definition: an observable is infrared and collinear safe if it is 
insensitive to

QCD and Event Generators Monash U.P.  Skands

SOFT radiation: 

Adding any number of infinitely soft particles (zero-energy) 


should not change the value of the observable

COLLINEAR radiation:

Splitting an existing particle up into two comoving ones 

(conserving the total momentum and energy) 

should not change the value of the observable

More on this in Lecture 2



Structure of an NNLO calculation
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๏At Next-to-Next-to-Leading Order (NNLO):

QCD and Event Generators Monash U.P.  Skands

LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤

R
|M (0)

X+1|
2

⇥NLO
X = ⇥Born +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X =

⇤
|M (0)

X |2 +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X = ⇥Born+Finite

⌅⇤
|M (0)

X+1|
2

�
+Finite

⌅⇤
2Re[M (1)

X M (0)�
X ]

�

⇥NLO
X = ⇥Born(1 + K)

⇥NNLO
X = ⇥NLO

X +

⇤ ⇥
|M (1)

X |2 + 2Re[M (2)
X M (0)�

X ]
⇧
+

⇤
2Re[M (1)

X+1M
(0)�
X+1]+

⇤
|M (0)

X+2|
2
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1-Loop × 1-Loop

Z � 2 2-loop:
qk

qi

qj

gij
a

qk

gjk
b

qj

qi

qk

qk

17

Z � 2 1-loop squared:

qk

qi

qk

gik
a

qi

qk

qi

qk

gik
a

qi

18

Z � 2 1-loop squared:

qj

qi

qk

gik
c

qi
gjk

agij
b

qj

qk

qk

gjk
a

18

Z � 4:
qj

qi

qk

gik
a

qi
gij

b

qj

qi

qk

gik
a

qi
gij

b
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X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

Two-Loop × Born Interference

1-Loop × Real for (X+1)

Real × Real for (X+2)

Everything we 
had at NLO



๏Approximate all contributing amplitudes for this …

๏ To all orders… then square including interference effects, …

๏ + non-perturbative effects

Outlook: dσ/dΩ; how hard can it be?
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Too much for us (today). 

… integrate it over a ~300-
dimensional phase space

Candidate tt̄H event ATLAS-PHOTO-2016-014-13

(+ match or exceed statistics 
of collider that delivers 40 

million collisions per second)



Extra Slides



Gell-Mann Matrices
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๏The generators of SU(3) are the “Gell-Mann matrices:”

•= the analogs of the SU(2) Pauli matrices


๏

QCD and Event Generators Monash U.P.  Skands

These are (a representation of) the generators of the Non-Abelian group SU(3).

➜ Feynman rules have a Gell-Mann matrix in each quark-gluon vertex. (Normally sum over all.)


There are also ggg and gggg self-interaction vertices. (Absent in QED; no photon self-int.)

(using a pretty “standard” basis choice)



Combinations of Colour States
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๏The rules of SU(3) group theory tells us how to combine colour charges

•Quark + Antiquark :


•Quark + Quark :  

•

QCD and Event Generators Monash U.P.  Skands

3⌦ 3̄ = 8� 1
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3⌦ 3 = 6� 3̄
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The singlet is
1p
3

��RR̄+GḠ+BB̄
↵

<latexit sha1_base64="fJy34RAczZqCwwYFbap4vm8RLRw="></latexit>

Already discussed the octet

What does it mean that it is a singlet?

|RRi , |GGi , |BBi , |RG+GRi , |GB +BGi , |BR+RBi
<latexit sha1_base64="HpEmBVbfvriAFSMmjx1LvjteSnQ="></latexit><latexit sha1_base64="HpEmBVbfvriAFSMmjx1LvjteSnQ="></latexit><latexit sha1_base64="HpEmBVbfvriAFSMmjx1LvjteSnQ="></latexit><latexit sha1_base64="HpEmBVbfvriAFSMmjx1LvjteSnQ="></latexit>

The “sextet” includes all the symmetric combinations

The antitriplet includes the antisymmetric combinations 

|RG�GRi , |GB �BGi , |BR�RBi
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E.g., Green+Blue ~ Cyan = antiRed

Antisymmetrically Combined

“double-red”


Part of sextet



Interactions in Colour Space
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๏Colour Factors

•Processes involving coloured particles have a “colour factor”. 

•It counts the enhancement from the sum over colours. 


๏ (average over incoming colours → can also give suppression)
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Z Decay:
Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC



Interactions in Colour Space
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๏Colour Factors

•Processes involving coloured particles have a “colour factor”. 

•It counts the enhancement from the sum over colours. 


๏ (average over incoming colours → can also give suppression)
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i,j ∈ {R,G,B}

Z Decay:

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

qj

qi

δij

qi

qj

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC



Drell-Yan:

qj

qi

δij

qi

qj

δij

1

9

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Interactions in Colour Space
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๏Colour Factors

•Processes involving coloured particles have a “colour factor”. 

•It counts the enhancement from the sum over colours. 


๏ (average over incoming colours → can also give suppression)

QCD and Event Generators Monash U.P.  Skands

Drell-Yan

i,j ∈ {R,G,B}

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Drell-Yan:

qj

qi

δij

qi

qj

δij

1

9

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Drell-Yan

i,j ∈ {R,G,B}

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Drell-Yan:

qj

qi

δij

qi

qj

δij

1

9

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∝ δijδ
∗
ji

= Tr[δij]

= NC

1

N2
C

= 1/NC

1

N2
C



“Hard” and “Soft”

33QCD and Event Generators Monash U.P.  Skands

1) In absolute terms 


“Hard” ~“perturbative”

Characteristic scale  1 GeV 


“Soft” ~ “non-perturbative”

Characteristic scale  1 GeV

≫ ⟹ αs(Q) ≪ 1

≲
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Landau Pole

& Confinement

pp –> jets (NLO)

QCD α  (Μ  ) = 0.1184 ± 0.0007s Z

0.1

0.2

0.3

0.4

0.5

αs (Q)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2012

Lattice QCD (NNLO)

Z pole fit (N3LO)

τ decays (N3LO)

Asymptotic Freedom

& Grand Unification?

Figure 6: Illustration of the running of ↵s in a theoretical calculation (band) and in physical
processes at different characteristic scales, from [29, 32]. The little kinks at Q = mc and
Q = mb are caused by discontinuities in the running across the flavour thresholds.

calculations used to extract them. As a rule of thumb, fits to experimental data typically
yield smaller values for ↵s(MZ) the higher the order of the calculation used to extract it (see,
e.g., [29, 32, 34, 35]), with ↵s(MZ)|LO ⇠

> ↵s(MZ)|NLO ⇠
> ↵s(MZ)|NNLO. Further, since the

number of flavours changes the slope of the running, the location of the Landau pole for
fixed ↵s(MZ) depends explicitly on the number of flavours used in the running. Thus each
value of nf is associated with its own value of ⇤, with the following matching relations across
thresholds guaranteeing continuity of the coupling at one loop,

nf = 5 $ 6 : ⇤6 = ⇤5

✓
⇤5

mt

◆ 2
21

⇤5 = ⇤6

✓
mt

⇤6

◆ 2
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, (26)

nf = 4 $ 5 : ⇤5 = ⇤4

✓
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✓
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nf = 3 $ 4 : ⇤4 = ⇤3

✓
⇤3

mc

◆ 2
25

⇤3 = ⇤4

✓
mc

⇤4

◆ 2
27

. (28)

It is sometimes stated that QCD only has a single free parameter, the strong coupling.
However, even in the perturbative region, the beta function depends explicitly on the number
of quark flavours, as we have seen, and thereby also on the quark masses. Furthermore, in
the non-perturbative region around or below ⇤QCD, the value of the perturbative coupling, as
obtained, e.g., from equation (24), gives little or no insight into the behavior of the full theory.
Instead, universal functions (such as parton densities, form factors, fragmentation functions,
etc), effective theories (such as the Operator Product Expansion, Chiral Perturbation Theory,
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E.g., “the hard subprocess” = “the hardest subprocess”


A jet with pT = 30 GeV is hard in absolute terms (perturbative) but 
also soft relative to processes at higher scales (say,  production)tt̄

2) In relative terms (more about this tomorrow)



Many ways to skin a cat
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Q = mb are caused by discontinuities in the running across the flavour thresholds.

calculations used to extract them. As a rule of thumb, fits to experimental data typically
yield smaller values for ↵s(MZ) the higher the order of the calculation used to extract it (see,
e.g., [29, 32, 34, 35]), with ↵s(MZ)|LO ⇠

> ↵s(MZ)|NLO ⇠
> ↵s(MZ)|NNLO. Further, since the

number of flavours changes the slope of the running, the location of the Landau pole for
fixed ↵s(MZ) depends explicitly on the number of flavours used in the running. Thus each
value of nf is associated with its own value of ⇤, with the following matching relations across
thresholds guaranteeing continuity of the coupling at one loop,
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It is sometimes stated that QCD only has a single free parameter, the strong coupling.
However, even in the perturbative region, the beta function depends explicitly on the number
of quark flavours, as we have seen, and thereby also on the quark masses. Furthermore, in
the non-perturbative region around or below ⇤QCD, the value of the perturbative coupling, as
obtained, e.g., from equation (24), gives little or no insight into the behavior of the full theory.
Instead, universal functions (such as parton densities, form factors, fragmentation functions,
etc), effective theories (such as the Operator Product Expansion, Chiral Perturbation Theory,
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Example (for Final-State Radiation):

PYTHIA 

Tuning to LEP 3-jet rate; requires ~ 20% increase


TimeShower:alphaSvalue   default = 0.1365

TimeShower:alphaSorder   default = 1

TimeShower:alphaSuseCMW   default = off

SHERPA : 

Uses PDF or PDG value, with “CMW” translation 


 default = 0.118 (pp) or 0.1188 (LEP)

running order: default = 3-loop (pp) or 2-loop (LEP)

CMW scheme translation: default use ~ 

→ roughly 10% increase in effective value of αs(mZ)

αs(mZ)

αs(p⊥/1.6)

MCs: get value from: PDG? PDFs? Fits to data (tuning)?

Will undershoot LEP 3-jet rate by ~ 10% (unless combined with NLO 3-jet ME)

Agrees with LEP 3-jet rate “out of the box”; but no guarantee tuning is universal.



Crossings

35QCD and Event Generators Monash U.P.  Skands

(Hadronic Z Decay) (Drell & Yan, 1970)
e+e� ! �⇤/Z ! qq̄ qq̄ ! �⇤/Z ! `+`�

(DIS)
`q

�⇤/Z! `q

In Out In Out In Out

Time

Color Factor:

Tr[�ij ] = NC
1

N2
C

Tr[�ij ] =
1

NC

Color Factor:
1

NC
Tr[�ij ] = 1

Color Factor:



Interactions in Colour Space
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๏Colour Factors

•Processes involving coloured particles have a “colour factor”. 

•It counts the enhancement from the sum over colours. 


๏ (average over incoming colours → can also give suppression)

QCD and Event Generators Monash U.P.  Skands

δij

tajk

ga

qi

qj

qk

tak!

δ!iga

qk

qi

q!

Z→3 jets

a ∈ {1,…,8}
i,j ∈ {R,G,B}

Z decay:

ψj
q

ψi
q

δij

ψi
q

ψj
q

δij

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

P. Skands Introduction to QCD

Trace Relation Indices Occurs in Diagram Squared

Tr{t
a
t
b
} = TR �

ab
a, b 2 [1, . . . , 8]

a b

P
a t

a
ijt

a
jk = CF �ik

a 2 [1, . . . , 8]
i, j, k 2 [1, . . . , 3]

i kj

a

P
c,d f

acd
f

bcd = CA �
ab

a, b, c, d 2 [1, . . . , 8]
a b

t
a
ijt

a
k` = TR

⇣
�jk�i` �

1

NC
�ij�k`

⌘
i, j, k, ` 2 [1, . . . , 3] /

�1
NC

j

k `

i

(Fierz)

Table 1: Trace relations for t matrices (convention-independent). More relations can be found
in [2, Section 1.2] and in [1, Appendix A.3].

be computed as follows, with the accompanying illustration showing a corresponding diagram
(squared) with explicit colour-space indices on each vertex:

Z ! qgq̄ :
X

colours

|M |
2

/ �ijt
a
jkt

a
k`�`i

= Tr{t
a
t
a
}

=
1

2
Tr{�} = 4 ,

�ij

ta
jk

ga

qi

qj

qk

ta
k`

�`iga

qk

qi

q`

(9)

where the last Tr{�} = 8, since the trace runs over the 8-dimensional adjoint indices. If we
want to “count the paths through colour space”, we should leave out the factor 1

2
which comes

from the normalisation convention for the t matrices, equation (6), hence this process can take
8 different paths through colour space, one for each gluon basis state.

The tedious task of taking traces over t matrices can be greatly alleviated by use of the
relations given in Table 1. In the standard normalisation convention for the SU(3) generators,
equation (6), the Casimirs of SU(3) appearing in Table 1 are7

TR =
1

2
CF =

4

3
CA = NC = 3 . (10)

In addition, the gluon self-coupling on the third line in Table 1 involves factors of f
abc. These

are called the structure constants of QCD and they enter via the non-Abelian term in the gluon
7See, e.g., [1, Appendix A.3] for how to obtain the Casimirs in other normalisation conventions. As an example,

choosing taij = �a
ij/

p
2 would yield TR = 1, CF = TR(N

2
C � 1)/NC = 8/3, CA = 3.

— 8 —



Quick Guide to Colour Algebra
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๏Colour factors squared produce traces
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Trace

Relation

Example Diagram

(from ESHEP lectures by G. Salam)

TR TR/NC

TR(Nc2-1)/NC



Scaling Violation
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๏Real QCD isn’t conformal

•The coupling runs logarithmically with the energy scale

QCD and Event Generators Monash U.P.  Skands

Asymptotic freedom in the ultraviolet

Confinement (IR slavery?) in the infrared

Q2 @↵s

@Q2
= �(↵s) �(↵s) = �↵2

s(b0 + b1↵s + b2↵
2
s + . . .) ,

b0 =
11CA � 2nf

12⇡
b1 =

17C2
A � 5CAnf � 3CF nf

24⇡2
=

153� 19nf

24⇡2

1-Loop β function coefficient 2-Loop β function coefficient
b2

=
285

7�
503

3nf
+ 325

n
2
f

128
⇡
3

b3
= kno

wn



Multi-Scale Exercise
Skands, TASI Lectures, arXiv:1207.2389
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Figure 5: Illustration of the running of ↵s at 1- (open circles) and 2-loop order (filled circles),
starting from the same value of ↵s(MZ) = 0.12.

follows from expanding an arbitrary product of individual ↵s factors around an arbitrary scale
µ, using equation (25),

↵s(µ1)↵s(µ2) · · · ↵s(µn) =
nY

i=1

↵s(µ)

✓
1 + b0 ↵s ln

✓
µ
2

µ
2

i

◆
+ O(↵2

s)

◆

= ↵
n
s (µ)

✓
1 + b0 ↵s ln

✓
µ
2n

µ
2
1
µ
2
2
· · · µ2

n

◆
+ O(↵2

s)

◆
, (26)

whereby the specific single-scale choice µ
n = µ1µ2 · · · µn (the geometric mean) can be seen to

push the difference between the two sides of the equation one order higher than would be the
case for any other combination of scales8.

The appearance of the number of flavors, nf , in b0 implies that the slope of the running
depends on the number of contributing flavors. Since full QCD is best approximated by nf = 3
below the charm threshold, by nf = 4 from there to the b threshold, and by nf = 5 above
that, it is therefore important to be aware that the running changes slope across quark flavor
thresholds. Likewise, it would change across the threshold for top or for any colored new-
physics particles that might exist, with a magnitude depending on the particles’ color and spin
quantum numbers.

The negative overall sign of equation (22), combined with the fact that b0 > 0 (for nf 

16), leads to the famous result9 that the QCD coupling effectively decreases with energy, called
8In a fixed-order calculation, the individual scales µi, would correspond, e.g., to the n hardest scales appearing

in an infrared safe sequential clustering algorithm applied to the given momentum configuration.
9 Perhaps the highest pinnacle of fame for equation (22) was reached when the sign of it featured in an episode

of the TV series “Big Bang Theory”.
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If needed, can convert from multi-scale to single-scale

by taking geometric mean of scales


